In much of the literature on linearized gravitational waves two completely different notions are called transverse traceless modes and labelled h TT ab , often in different sections of the same reference, without realizing the underlying inconsistency. We compare and contrast the two notions and find that the difference persists even at leading asymptotic order near future null infinity I + . We discuss why the distinction has nonetheless remained largely unnoticed, and also point out that there are some important physical effects where only one of the notions gives the correct answer.
The main issue
Many of the standard references on gravitational waves begin with a decomposition of the metric perturbation h ab to single out its transverse traceless part h TT ab . (See, e.g., box 5.7 in [1] , or section 4.3 in [2] , or section 35.4 of [3] .) This decomposition is local in momentum space and therefore non-local in physical space. For example, given h ab only in an asymptotic region, one cannot extract from it its transverse traceless part h TT ab even in that region. But then, while discussing gravitational waves produced by compact sources in a later section, a different construction is introduced: the transverse traceless part of h ab is now obtained using a projection operator P a b that is local in physical space. (See, e.g., chapter 11 of [1] , or section 4.5.1 in [2] , or section 36.10 in [3] .) The two notions are conceptually distinct but both are called transverse traceless and denoted by the same symbol TT, suggesting that the second notion is just a reformulation of the first. (This point was emphasized also in [4] .)
Since this confusion appears to be quite common, let us begin by spelling out the difference. We will use upper case letters TT to denote the first notion and lower case letters tt to denote the second. In the Transverse Traceless gauge, the spatial projection h ab of the metric perturbation satisfiesD a [ h ab − (1/3)(q cd h cd )q ab ] = 0 whereq ab is the spatial, Euclidean metric on the t = const slices andD a is the derivative operator it defines. Using Fourier transforms, h 
for some function α(t, k), wherek a , m a ( k),m a ( k) are basis vectors in momentum space (adapted to the spherical foliation). The second notion h tt ab is obtained by simply projecting h ab into the r = const, t = const 2-spheres in physical space using the projection operator P a b = (m am b +m a m b )( x) and then removing the trace:
Hence, this notion is local in physical space. Clearly the two notions have very little in common. In particular, while the spatial tensor h tt ab (t, x) has only two components, in general none of the six components of the spatial tensor h TT ab (t, x) are zero; there are four relations between them. As we will see, this is the case even to leading order in the 1/r expansion in the radiation zone, where h TT ab captures certain physical information that escapes h tt ab . Since the main issues of the gravitational radiation theory are simpler to explain in the case of electromagnetic waves produced by spatially compact sources, monographs and review articles generally begin with Maxwell theory. We will do the same in section 2. In section 3 we return to linearized gravity and in section 4 present the outlook. For ‡ In this brief presentation we skip several technical points -such as the necessary fall-off conditionsthat are conceptually important but not essential for our main point. Also we do not explain the commonly used notation from the Newman-Penrose framework. These points are spelled out in the more detailed discussion of [5] .
brevity, from now on we will drop the explicit reference to x while referring to fields in the physical space; thus for example m a ≡ m a ( x).
A
In Maxwell theory, one can work entirely with the field strength F ab . However, in linearized gravity one needs potentials of the perturbed Weyl tensor, e.g. to write expressions of energy-momentum and angular momentum carried away by gravitational waves. Therefore, from the gravitational perspective it is instructive to recast Maxwell theory in terms of vector potentials A a . We assume that the source current j a is smooth, of compact spatial support, and remains uniformly bounded in time. (For a related discussion, see [6] . Relation between our results and those in [4, 6] is discussed in [5] ).
The notion of Transversality on the vector potential requiresD a A a = 0, where A a is the spatial projection of A a . Therefore, extraction of A T a from A a is a non-local operation in physical space while that of extracting A t a = P a b A b is local. A priori the two notions are again distinct. The question is whether a simplification arises in the asymptotic 1/r expansion near I + . Now, there is a rich framework describing fields on I + but it is generally tied to gauges in which the 4-potential A a is smooth there. While one can always go to such a gauge, it turns out that in the Coulomb gauge -which is of direct interest to the notion of Transversality-A a (or its spatial projection A a ) fails to be well-defined at I + . Therefore, to compare the two notions using I + , we need to first extend the standard framework by allowing an appropriately wider class of gauges [5] : if we expand A a as
then we have to allow gauges in which the coefficients fall off only as a , we will need the behavior of various fields at I + under this weaker fall-off. Therefore, let us make a small detour to summarize these results.
While 4-potentials A a in this class can diverge at I + in the conformally rescaled space-time -this is the case in the Coulomb gauge even for a static charge-they do so in a well-controlled fashion. Therefore, using field equations one can establish the following results that hold in all gauges in this class [5] : (i) The standard peeling properties for the Maxwell field continue to hold for the Newman-Penrose components of the Maxwell field 
for some G on I + , with ∂ u G = 0. Since the complex function A 0 2 serves as the potential for Φ 0 2 , it is said to represent the two radiative modes of the Maxwell field [10] . Note that A 
We can now apply these results to the vector potential in the Transverse gauge. For notational clarity, we will use an underbar for all fields in this gauge. While in the basis vectors adapted to spherical symmetry,
in momentum space, all four components of A a (t, x) are non-vanishing even at I + . Furthermore, since A a is gauge invariant, there is no gauge freedom in the choice of radiative modes A 0 2 and G(θ, ϕ). Next, the Transversality conditionD
Consequently while Transversality does not require any of the leading order components of A a to vanish on I + , it does imply that, of the four leading order components of A a only two, captured by A 0 2 , are dynamical. Expressions of the flux of energy carried away by electromagnetic waves, the electromagnetic analog of 'memory', and soft charges related to infrared properties of the quantum Maxwell field, involve only the radiative modes A 0 2 (see, e.g., [9, 10, 11, 12] ). However, to express other physical quantities such as the total electric charge that depend also on the Coulombic aspects of the Maxwell field, one requires information in A a that is not contained in A 0 2 . Surprisingly, this is the case even for the local flux F K of angular momentum across I + , associated with a rotational Killing field K a [5] :
where g = K However, A T a has much richer physical information than A t a . In particular, the 'Coulombic information' in A T a is simply lost in the transverse projection. In particular, if the source carries a non-zero electric charge, we cannot obtain the correct expression of angular momentum flux using A t a while we can using A T a . This is a concrete illustration of the fact that it is simply incorrect to identify the two notions of transversality.
h
TT ab versus h tt ab in linearized gravity Technical calculations are much more involved for linearized gravity but the underlying conceptual structure is completely parallel to that in Maxwell theory [5] . As in the Maxwell case, in order to incorporate the Transverse gauge, we need to extend the existing treatments. Much of the literature [7, 8, 13, 10] assumes (sometimes implicitly) that the conformally rescaled metric perturbation admits a smooth limit to I + . This is a consistent assumption; one can use, e.g., the Geroch-Xanthopoulos gauge [14] to satisfy this requirement. However, it is not met in the Transverse gauge. So we are led to extend the framework by allowing all gauges in which the metric components fall off only as 1/r in the expansion of the type (3). Again, most (but not all) of the standard results continue to hold under this weaker assumption. In particular, for any metric perturbation h ab in this class, without assuming any gauge condition one can show that: (i) The Newman-Penrose components of the linearized Weyl tensor Ψ 4 , Ψ 3 and Ψ 2 peel properly, i.e., fall-off as 1/r, 1/r 2 and 1/r 3 respectively. As for the leading order parts in the 1/r expansion, given Ψ . Therefore, the linearized Bondi news tensor [7, 13] at I is completely determined by B 
However, again, the Coulombic information in the source is not captured by B (q cd h cd )q ab ] = 0 with h tt ab selected by the projection operator P a b in physical space. Again we will label fields in the TT gauge with an underbar and those obtained from the tt-projection with an undertilde. The 10 components of h ab can be made gauge invariant by requiring, in addition, that the space-time component h cdq c a t d of h ab be also Transverse. The two transversality conditions exhaust the gauge freedom. But they do not set any of the leading order components of h ab to zero. Rather, they introduce subtle relations between them. In particular, while B 0 22 can be freely specified on I + , all other 8 components are time-independent, fixed by their values at i o . Physical quantities that depend only on the radiative aspects, can be expressed entirely using B 0 22 . These include: the flux of energy-momentum across I + [7, 8, 9] , gravitational memory [15] , and soft charges [10] that are important for the infrared behavior of the quantum gravitational field. However, with h ab we also have access to other fields at I + that capture the Coulombic aspects such as the linearized Bondi 4-momentum. The tt-projection, on the other hand, selects just two components ∼ B 22 of h ab and simply discards the rest. As in the Maxwell case, ∼ B 22 is not gauge invariant. But in the traceless and Lorenz gauge, the leading order part ∼ B 
Outlook
In light of our discussion of the last two sections it is surprising that the distinction between h (1). And for these, it is incorrect to ignore the distinction. The second and more subtle reason is brought out by our analysis: Even though the two methods are completely unrelated, there is agreement between their final expressions of physical quantities that involve only the radiative modes. However there are also physical quantities requiring Coulombic information that can be computed in the TT gauge but not by using the tt-projection. In addition to the quintessentially Coulombic quantities such as the electric charge or Bondi mass, other physically interesting quantities can involve a subtle interplay between the radiative and Coulombic modes, as the example of angular momentum of section 2 shows. If we consider an oscillating dipole (with zero total charge), one finds that G(θ, φ) = 0 and angular momentum flux can be expressed entirely in terms of A 0 2 . But if we superimpose on it the Coulomb field of a static electric charge, then G(θ, φ) = 0 and angular momentum can no longer be expressed using just the radiative modes. In the gravitational case, the source carrying a time changing quadrupole moment will also have a non-zero mass and therefore we expect that the radiative modes will not suffice to determine the angular momentum flux; as in the Maxwell case, the tt-method will give incorrect results.
Since there is no gauge invariant stress energy tensor for gravitational waves, to calculate fluxes across I + , one needs to adopt an alternate strategy. For energymomentum we already have one [5] but for angular momentum we would have to extend the existing phase space of radiative modes [9] to include the appropriate Coulombic information. This step has been carried out for the Maxwell field and the extended phase space does lead to the correct angular momentum flux even though the calculation does not refer to the stress-energy tensor at all. Therefore one can hope to extend it to the gravitational case. The general method entails an extension of the phase space of radiative modes at I + to accommodate the presence of sources -such as compact objects-without including them explicitly in the phase space. In the Maxwell case, this is possible by including information about the Coulomb field of sources, without having to introduce new degrees of freedom to describe the sources themselves. The issue is being analyzed in the gravitational case both at the linear and non-linear level. It is interesting that results obtained while investigating the relation between h TT ab and h tt ab have opened this unforeseen window.
The tt-projection fits nicely with Bondi-Sachs type expansions in 1/r. This is a definite advantage in the asymptotically flat context where the TT-method is cumbersome to use. However, the other side of the coin is that it seems impossible to extract gauge invariant physics from the tt-method in other contexts. The TT-method is free from this drawback. This is why one finds no mention of the tt-projection in the work on primordial gravitational waves where one exclusively uses h TT ab . So far, however, mainstream cosmological work does not include the study of retarded gravitational waves produced by compact bodies. As gravitational wave detectors extend their reach -especially through space-based detectors-the interface between astrophysics and cosmology will become increasingly important. We will have to develop viable theoretical frameworks to describe gravitational radiation from compact sources that are embedded in our cosmological -rather than asymptotically Minkowskian-spacetime. Then it is likely that the Bondi-Sachs framework and the approximation methods tailored to it will no longer be directly useful. Indeed, already in the study of linearized gravitational waves on the de Sitter background, one has to develop entirely new techniques [16] . Can one develop approximation methods that are as 'user-friendly' as the tt-projection but viable also in this more general context? Detailed derivations, the precise underlying assumptions, and additional results can be found in [5] .
